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A TRANSFORMATION FORMULA FOR PRODUCTS
ARISING IN PARTITION THEORY!

M. V., SUBBARAO AND V. V. SUBRAHMANYASASTRIZ

ABsTRACT. We obtain a transformation formula involving
Euler products. The formula can be utilized to obtain a large
variety of partition-theoretic identities.

L. A transformation formula. Let f(a, x) be the product given by

©

(1.1) fla,x) = ] (1 — aetxrm)gmim,

n=1
where a(n), g(n) are totally multiplicative functions of n (that is,
a(mn) = a(m)a(n), g(mn) = g(m)g(n) for all positive integers m and n).
Then we shall prove in this note that

k=1
(1.2) H fla, w'x) = H 1‘[ flakidiads) ks g doroime)
r=0 dlk  s|(k/d)

o being a primitive k-th root of unity.
This result is a generalization of the identity proved earlier in [3]:

(1.3) ’ﬁl o(w'x) = H {p(akd) Jokidmd),
r=0 dlk
where
(L4) o(x) = [ (1 -,
n=1

and o(n) denotes the sum of the positive divisors of n. This is an
important tool in deriving partition-theoretic identities such as the
celebrated Ramanujan identity
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S pion + 45" = ()19

p(n) denoting as usual the number of unrestricted partitions of n.

The result (1.3) is easy when k is a prime and was noted by Kolberg
[1], while the proof of (1.3) for general values or k was given by
Subrahmanyasastri [3] by using multiplicative induction of k.

Many partition functions have generating functions of the form (1.1).
For example,

(1) When g(n) = n2, a =1, f(a, x)~! generates the plane partitions,
for which an asymptotic formula was obtained by Wright [5].

(2) When g(n) = nmin (k,n), a=1, f(a,x)”' generates p*(n),
the number of k-rowed partitions of n. In this case g(n) is not a totally
multiplicative function. However, the f(a,x) in this case can be
related to the function for which g(n) = n, and n is a totally multiplica-
tive function. Whenever the generating function is related to an
fla,x) with a totally multiplicative g(n), the formula (1.2) will be
useful.

(3) When

_oqn? ifn=29a=0
gln) = :
0, otherwise,

and a = 1, we have a simple and interesting case. Here g(n) is totally
multiplicative and f(a, x)~! generates P(n), the number of partitions
of n into powers of 2 (including 1), with each summand occurring at
most in as many different colors as the magnitude of the summand,
with repetitions allowed. That is, n has representations of the form

=§2 (2, (0,2 0),

a,; denoting the multiplicity of the summand 2= in the color j. The
notion of partitions with summands occurring in different colors goes
back to MacMahon [2]. We can also interpret P(n) as the number of
weighted partitions into summands 2« (a = 0), where the weight of the
summand 2« (of mulitplicity a,) in a partition of

n= 2 a2

a=t,

is to be taken as (the binomial coefficient)
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<2°‘+aa—1
a

«

))‘ (a = il’ i2) T .)it)'

In other words,

P(n):2(211+a(%i1—1>(22+ai2_1>...( 2“+ait—1 ))

iy ai2 a;

t

the summation being over all those non-negative integers i, and a, for
whichn = ¢; 2% + ¢; 2% + -+ + @20 + - - .

To illustrate the applications of (1.2) we shall derive the following
simple partition-theoretic identities for p(n), p®(n) and P(n).

(A) Inthecaseg(n) =n,a= 1,k = 4, we derive

1406
2 ¢x)
1 @)
2 )
1 900>
2 %)
L 9 ()
2 P
1 6G)6)
2 %)
_ 1 e
2 )

p(dn)x® = $(x*) A (x)

oM

(15)

+ P(x*) Ay (x),

pdn + L)x? = Ag(x)

oM

+ A, (x),

oM

pdn + 2)xr = A(x)

(1.7)

Ag(x),

and

d(x>)p(x>4)
3(x)

_ 1 Q)
2 P

p(dn + 3)x2ntl = —;“ Az(x)

=M

(1.8)

Ay(x),

where

Allx) = (1 + x2m=13)(] + x2im-11)

1

=P
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—x H (1 + x24m«19)(1 + x24m—5)’

m=1

Ay(x) = H (1 — x24m—13)(] — x24m—11)
m=1
+ x H 1- x24m~19)(1 — x24m—5)’
m=1
Ay(x) = H (1 + x24m-17)(1 + x24m-7)
m=1

— x2 H (1 + x24m—23)(1 + x24m—1),

m=1

and

Ayx) = ﬁ (1 — x24m=17)(] — x24m-T7)

— x2 H (1 — xzm—zs)(l — x24m*l).

m=1

(B) Inthe case g(n) = nmin (3, n),a = 1, we derive

§0P<3’(3n)x3" = %(1 + 2x9)
(1.9) +—6—"-‘%a + 2x3)
+ 9—%(1 — 2 + 227 — xt),
go pP@Bn + D)xinrl= :%)’-;E“—)(z + x3)
(1.10) + ﬂ%g%;ﬁ)—(l — 4x + 227 — 2x%)
L IO | ot — a,

¢12(x3)
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i pP(3n + 2)xdn+2 = _szblz((f;);bs(x) 2+ x3)
(Lin"” Ox7g9(x)
W(l — 2x + 2x3 — x?).
Incidentally, we note from (1.11) that
(1.12) p®(3n + 2) = 0 (mod 3).

(C) In the case

n? ifn=22a=0

a=1,
0, otherwise

g(n) =
we derive
(1.13) <i P(4n)xin )x = <i P(4n + 1)xin+! )

3 x(1 + 3x%)
T @I+ 21+ x)

and

< % P(dn + 2)xin+2)x ( ? P(4n + 3)xtn +3>

(1.14) £ 4+ 29

fE)1+ 2?31+ x)

2. Proof of the formula (1.2). We require the following

349

Lemma 2.1. Let A be any set of positive integers and F(k, n) any
arithmetic function with values in the complex number field. Then

for every positive integer k

(2.1) II Ftkn)y=T1] Il {(Fk md)pe,
nEA dik m
(nk)=1 mdEA

where p(d) is the Mébius function.

This is easily proved using the Mobius inversion formula by setting
L(k n) = log F(k, n) (the principal value), ¥, . and (km-a L(k, n) =

G(kid), ¥ .ieca L(k,nd) = H(k/d) and noting that > G
H(k)

(kid) =
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Proor oF (1.2). Left side of (1.2) =

fd k-1
H H (1 — aa(n)wrnxn>g(n)/n
dlk =1 =0
(2.2) (ﬂ"’k L
= II Fkyny
dlk n;=1
(npkp)=1

with k = k,d, n = n;d and

kd—1
F(kl’ "l) = H (1 —_ au(nld)wrnldxn,d>g(nld)/n,d
r=0

= (1 —_ a“("1d>wlnlrx"1d)g<"1d)/"ld’

where ®; = o, a primitive k;-th root of unity. @, = w,™ is also a
primitive k,-th root of unity, and as r runs through a complete residue
system mod k once, it runs through a complete residue system (mod k)
d times. Hence

ki—1
F(kh "1) —_ 11_[ (l —_ aa(nld)erxn1d>dg(n,d)/nld
r=0

= (1 _ akxa(nld)xkln1d>g(n1d)/nl’
so that by Lemma 2.1

oo 0

H F(kl,"l) = H H (1 - akla(mad)xklmﬁd)g(mda)p(é)/mél

ny=1 8lky m=1

Substituting this in (2.2) and using the fact that a(n) and g(n) are totally
multiplicative, (1.2) follows.

CoroLLARY. In the case a = 1, (1.2) takes the form

(2.3) kl:ll florx) = H {f(xk6>}h(k/&)p(&)g(é)/a,
r=0 8|k

where

(2.4) flx) = ﬁ (1 — xn)gimim

and h(m) = 3 4, g(d).
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We shall give a simple alternate proof in this case. It is well known

([4], theorem 5, special case) that, if h(n) = >4, g(d), then

(2.5) kM) = S h(kld)h(MId)g(d) u(d).

dik,d|M

We also recall that

(2.6) n(k, m) = Eo M = k k| m
and that
@7) 3 Si(_'"—)xx:= S h@).

m=1 2 =1

-3 2 kh(kid)u(d)g(d)h(n)xkM
dik
nd =

©

= 3 KM ud)gd) 3 himten,

dlk —

which on using (2.6) and (2.7) can be written as

i EM S hkd)(d)kg(d) ﬁ gl

— xM'm kdn
x A —x

We now restrict x to be such that 0 << x << 1 (we can at the end extend
the result to |x| < 1 by analytic continuation). Dividing both sides by
x and integrating with respect to x, we obtain

k—1 o
T 3 8 log (1 — wmam)
r=0 m=1

= S hikd)u(d) BY

M — ykdn
P d ) log (1 — xkdn),

7M8

1

the constant of integration being zero as can be seen by setting x = 0.
Thus we have
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k—1
S logflam) = 3 hikid)uid) E5log fix),
r=0

dik

which is the same as relation (2.3).

3. Proof of the identities (1.5) to (1.8). Choosing g(n) =n, a =1,
k= 4,(12)yields

(=)

(3.1) d(x)p(ix)p(— x)p(—ix) = o)’
i being an imaginary square root of —1. Also
(32) 43 pln + Rxnti= 4
0 d(x)  ¢(ix)
i-22 i-3% 0193
+ + - 2=0,1,2,3).
oo e )
We shall also need the well-known identity of Jacobi:
(3.3) Syt = ¢(z) ﬁ (1 + yz2n—1)(1 + y~ 'z )).
k=— m=1
Using Euler’s identity
(3.4) ‘ o(x) = i (_l)nxn(3n+l)/2’
we can write
(3.5) d(x) = go(x) + gi(x) + ga(x) + gax),
where

o

g (x)= 3 (—1lpxnentli2, 0=0,1,2,3,

—

(3.6)
n(3n + 1)/2 = 2(mod 4).

Then
d(—x) = go(—x) + gi(—x) + ga(—x) + go(—7)
= go(x) - gx(x) + gz(x) - gs(x),

in view of (3.8), so that on using (3.6) and (3.4),
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d(x) + d(—x) = 2{go(x) + go(x)}

o o0
=9 2 x2k(12k+1) — 9 2 x4k +1)(6k +2)

— ®© —

= 2h(x*%) {ﬁ (1 + x#m=26)(] 4 yi8m—22)
1

(3.7)
— 52 ﬁ (1 + xi8m=38)(] 4 xism—10) }
= 2p(x"*) A (x?).
Hence
P(ix) + d(—ix) = 2p(x*%)A((ix)?)
(3.8) = 2¢(x**) A (—x?)

= 2p(x*)As(x?)
in terms of A (x) and Ay(x) given in (A) of §1.
With g(n) = n,k = 2,a = 1(1.2) yields

_ $xY)
(3.9) d(x)p(—x) = d(xt) >
and so, from (3.1),
8(x4
(3.10) d(ix)p(—ix) = ﬁgsz;}w .

Hence, from (3.2) and (3.7) to (3.10), we obtain

$(x) + ¢( x) | ¢lix) + ¢p(—ix) }

2 plnjen = S)b(— Slix)b(—ix)

_ 1 o(xY) 1 $3(x)$3(x%) :
- 2 ¢13(x2> 9 ¢8(x4) ¢(x48>A2<x2)’
which is the same as (1.5). (1.6) to (1.8) follow on similar lines.

(x*) A, (x?) +

4. Proof of the identities (1.9) to (1.11). The generating function
¥(x)~Lof p©(n) is given by

(4.1) lll(x) = ﬁ (1 — xn)min(:},n)
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¢%(x)
(1= x)*(Q =)’

If  is a primitive cube root of unity, then

S 3) n+e = 1 wzl wl
(42) 32 pUGntn ¥@® " Wlwx) | )
_ Wexp(0’) + o (0%) + o pE(wn) ) _ (g
Y ()P (wx)P () T
Also,
(4.3) @%(x) = ho(x) + hy(x) + hy(x)
with
hox)= 3 (—1p(@n + Lpxno 102,
n=0
n(n + 1)/2 = g(mod 3),
so that
(4.4) b} wix) = hy(x) + wth(x) + w2 hy(x).
In fact,
ho(x) = ¢3(x) + 3xp(x),
hi(x) = —3x3(x?),
hy(x) =0 (See Kolberg [1] p. 82).

From (4.1) and (1.3), we obtain
ARED
()1 — x%)X(1 — 29
Further, from (4.1) and (4.4) we obtain A
(ho?(x) + h2(x) — ho(x)h(x))(1 — 2x + 2x3 — xY)
(1 — x3)%(1 — x5)

and similar expressions for ¢(w?x)y (x) and ¥ (x)¥ (wx).
Taking £ = 0 in (4.2) and using (4.5) and the above expressions for
U (wx)P(w?x) etc., we obtain

(4.5) Y () (x)P(wx) =

Y (wx)(w’x) =

33 pEnn = 3(h2R)(1 + 20) — hy )25 + ) B )
0 67
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which yields (1.9) on substituting the above Kolberg’s expressions for
ho(x) and h,y(x). (1.10) and (1.11) follow on the same lines.

5. Proof of (1.13) and (1.14). Choosing

2 = J« —>—
n-, ifn 2 (a—o),anda=lak=4’
0, otherwise

g(n) =

we have from (1.2)

6.1) fftef—f-in) = L
We can also verify that in this case f(x) satisfies

(5.2) (1 = x)f*x*) = f(x)

or

)= fx)1+x+ 22+ ),

so that if we put f(x) = > 5_¢a.x", (gy = 1), it is easily seen that
the coefficients a, are given by the recursion formulae

n—1
(5.3) a,= — > a, if n is odd,
r=0
and
nf2
(5.4) a, = O s, _, ifniseven.
j=0

These equations (5.3) and (5.4) determine f(x). However, these
are not required for the proof of (1.13) and (1.14).

We shall indicate the proof of the first half of (1.13). First we note
that

42“;4 P(4n + g)xintt = 1 + it + it + i3
0 n x fx)  flix)  fl—x)  f(—ix)

(5.5) @=01,23).

From (5.2) we have f(—x) = (1 + x)f*(x?), so that

(56) f@ + fl=x) = 2%)
(5.7) f@)f(—x) = fix3)(1 — x?),
and

fl=x) _ (L4
> fad) T a—
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Taking £ = 0 in (5.5), and using (5.6), (5.7), (5.1) and similarly (5.8)

we obtain

mo L g flx)+ fl=x) flix) + f(—ix)
S pumsn = 3 { S T T e )

_ 1 (flx) + fl=x) flx)f (—ix) + (flix) + fi—ix)) fx) f(= %)

4 fl)flin) f(— x)f (— ix)
- é[fz(:)> PO ()1 — i)
(5.9) + ()2 fH(x*)(1 = xP)}
f1=x8) (1 + x2)2

= 221 (x4) o= m{(l + x2)3 + (1 — x2)3}.

But by repeated use of (5.2) raised to the suitable exponents, we
obtain

flO(x8Zf6<x2) =f10(x8) fS(xZ) l
£ P o )
1 1—2x) (1-x3)%1—x)
1—x fx) — (1+x)f(x)

The first half of the identity (1.13) follows on substituting this in

(5.9). The other half of (1.13) and (1.14) follow on using similar argu-
ments.

= (1 —x2)8
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